The losses associated with the high-field tail region of the ferromagnetic resonance (FMR) absorption curve were investigated at 10, 19, 35, and 60 GHz for O.lO-1.75-mm-thick c-plane circular disks of flux-grown single-crystal M-type barium ferrite materials. A conventional high-field effective linewidth analysis of the data yielded an effective linewidth which increased with the square of the disk thickness and linearly with frequency, dependencies which indicate a predominant eddy current loss process. Based on these results, an eddy current loss analysis of the tail region was done, based on the insulator FMR response and eddy current losses driven by the FMR response. This analysis leads to a new noninvasive technique for the determination of the microwave conductivity in moderate conductivity ferrites. One obtains the conductivity from an appropriate analysis of the FMR absorption tail in the same way that analysis of the magnetic loss tail yields a high-field effective linewidth. Based on this technique, the microwave conductivity of these flux-grown barium ferrite single-crystal materials was determined as a function of frequency and found to increase linearly from 0.033 ='=0.004 R-' cm-' at 10 GHz to 0.10='=0.02 0-l cm-' at 60 GHz. These results are consistent with a measured dc conductivity of 0.03-0.05 a-' cm-'.
I. INTRODUCTION
Off-resonance effective linewidth analysis techniques' to characterize the microwave losses in magnetic materials have been used to study microstructure related twomagnon relaxation processes213 and to determine intrinsic losses in inhomogeneous materials4 The technique has been used recently to study microwave losses in hexagonal ferrite materials.5-8 In the hexagonal ferrite work described in Refs. 5 and 8 the technique was extended to the determination of effective linewidth parameters in situations where the actual ferromagnetic resonance (FMR) peak is not accessible, due to the combination of large anisotropy fields and a relatively low microwave frequency.
The work in Ref. 8 was on thin c-plane disks of singlecrystal M-type barium ferrite. One of the initially surprising results of that work was an observed increase in the effective linewidth which was proportional to the square of the disk thickness. This quadratic dependence indicated a possible eddy current origin for the losses. The pure Ba-M-type materials used for the work were found to have moderate resistivities in the l-20 $2 cm range. Such resistivity values were determined to be quantitatively consistent with the observed losses.
The objective of the present work is to further explore the eddy current origins of the microwave and millimeter wave losses and off-resonance effective linewidth in these moderate conductivity Ba-M-type hexagonal ferrite singlecrystal materials. In the first phase of the work the measurements reported in Ref. 8 for 10 GHz were extended to 19, 35, and 60 GHz. The standard insulator effective linewidth parameter is found to scale with the square of the disk thickness at all measurement frequencies and to scale linearly with frequency. In the second phase of the work, a simple model first reported by Smith' and developed by Schltimann, Kohane, and Green" to determine the contr& bution of eddy current losses to the FMR linewidth in metal films was adapted to the off-resonance problem and used to calculate the effect of eddy current losses on the FMR tail response for perpendicularly magnetized barium ferrite single-crystal c-plane thin disk samples. This eddy current tail (ECT) response analysis leads to a simple fitting procedure similar to that used for the high-field effective linewidth in Ref. 8 . The ECT analysis, however, applied to the ensemble of data for different Ba-M disk thicknesses, yields a direct empirical determination of the microwave conductivity. The microwave conductivity increases linearly with frequency and extrapolates to dc values at low frequency.
The analyses below and all magnetic parameters are given in cgs units. The conductivity (T in the cgs system has units of s-l. Numerical values of a, where pertinent, are given in the more common mixed units of $I-" cm-'.
II. MATERIALS, PROPERTIES, AND MlCROWAVE MEASUREMENTS
The objective of the work presented here was to investigate the effects of eddy currents on the off-resonance microwave and millimeter wave losses in Ba-M-type hexagonal ferrite.
Eddy current losses generally show characteristic sample size effects. For this reason, and based on the earlier results in Ref. 8, the high-frequency measurements were made on carefully prepared, wellcharacterized disk-shaped samples of varying thickness. These measurements were then analyzed by two methods: For the easy direction hysteresis loop shown by curve (a), the magnetic field is along the c axis and easy direction perpendicular to the disk plane. For the hard direction hysteresis loop shown by curve (b), the magnetic field is applied in the plane of the disk.
(i) the standard high-field effective linewidth technique from Ref. 8, and (ii) a new effective conductivity analysis procedure.
The barium ferrite single crystals were prepared at Purdue University by a flux-melt growth method and characterized by x-ray diffraction, polarized light optical microscopy, scanning electron microscopy, and inductively coupled plasma emission spectroscopy. '* Lapidary techniques were used to fabricate thin c-plane disks. The disks were polished to a surface smoothness of about 1 pm. The finished disk thicknesses ranged from 0.10 to 1.75 mm. Disk diameters ranged from about 3 mm for the 10 GHz measurements to 0.5 mm for the 60 GHz measurements. Smaller sample volumes were needed for the higher frequencies because of filling factor and microwave cavity loading effects.
The static magnetic properties of the larger disk samples were characterized by vibrating sample magnetometry. Hysteresis curves of the magnetic induction 47&f versus static external magnetic field Hext were measured for both easy direction magnetic fields applied perpendicular to the disk plane and hard direction fields applied in the disk plane. Values for the saturation induction 4?rM, and uniaxial anisotropy field He4 were determined from these measurements. A typical pair of hard and easy direction hysteresis curves is shown in Fig. 1 for a 0.33-mm thick, 3.0-mm-diam disk. The easy direction hysteresis curve, labeled (a) in Fig. 1 , was obtained with the magnetic field applied along the crystal c axis and perpendicular to the disk plane. The hard direction hysteresis curve for in-plane fields, labeled (b) in the figure, was measured with the field applied in the plane of the disk. The easy direction hysteresis curves for all samples saturate for fields on the order of 3 kOe or so. The saturation induction LhrM, determined from saturation measurements on ten 3-mm-diam samples ranging in thickness from 0.19 to 1.75 mm was determined to be 4.73 *to. 11 kG.
The hard direction hysteresis curves were used to determine the anisotropy field HA. This anisotropy field is defined by the relation HA = 2K,/M,, where K,, is the usual uniaxial anisotropy energy density parameter in erg/cm3. These curves, as evident from curve (b) in Fig. 1 , were generally linear in field for the range of fields available, up to about 15 kOe or so. These curves were extrapolated to the easy direction saturation hM$ values for each sample measured to determine values of the saturation field Hsat in each case. These Hsat values ranged from 16.6 to 17.9 kOe. Thicker disks generally had larger Hsat values. It is clear, therefore, that these saturation fields do not correspond directly to the theoretical saturation field for very thin films, HA-431-M,.
The anisotropy field HA was obtained by plotting the measured H,, values versus the disk in-plane demagnetizing factor N, and extrapolating the data to the value of H,,, limit at N,=O. This plot, along with the straight-line best fit to the data, is shown in Fig. 2 . The N, parameters were obtained from the disk sample dimensions, the ellipsoidal sample approximation, and the work of Osbom." The extrapolated value of H,,, at N,=O is 16.3AO.3 kOe. This value is at the lower end of the range of HA values usually cited for barium ferrite.13
The above procedure can be justified on the basis of a simple domain rotation model. For a disk made up of narrow stripe domains, it can be argued that the hard direction saturation field H,, value should vary according to Hsat=H~+LhrMsN, , (1) where N, is the sample demagnetizing factor for the hard in-plane field direction. Equation ( 1) and all equations and analyses below are based on cgs units. The N, demagnetizing factor for the direction perpendicular to the disk plane does not appear because for alternating stripe domains aligned parallel to the applied hard direction in-plane field the effective demagnetizing factor in this direction is zero. The value of Hsat varies linearly with the demagnetizing factor N, and, in the limit of zero disk thickness, is equal to the anisotropy field HA. The dependence indicated in Pq.
( 1) is in agreement with the data and the fit in Fig. 2 . The slope of the fitted line in the figure is 4.8 f 1.1 kG, equal to the measured value of 4~MS from the saturated easy direction hysteresis curves.
Microwave and millimeter wave magnetic loss and dispersion measurements were made for easy direction fields ranging from well above the ferromagnetic resonance field position, if accessible at the operating frequency, up to 16 kOe or so. These measurements were made at nominal frequencies of 10.0, 19.3, 35.3, and 60.5 GHz with dedicated high Q transmission cavity microwave and millimeter wave spectrometers at the listed frequencies. The basic measurement was of cavity Q and cavity frequency for a cylindrical TEsll high-Q cavity as a function of the static external magnetic field. Specially designed cavities were used for each operating frequency. The empty cavity Q values were 25 000, 16 000, 14 000, and 10 000 at the respective frequencies listed above. The measurement procedure was the same as used by Patton and Kohane, 14 adapted to modern instrumentation, data acquisition, and Q-measurement techniques.' 51'6 In a typical cavity measurement, a disk sample is mounted in the center of the TEsll cylindrical microwave cavity which is centered in the gap bf an electromagnet. The sample is mounted such that the disk normal is perpendicular to the cavity axis. The static external field H,,, is applied along this normal direction, parallel to the hexagonal crystal c-axis direction. The linearly polarized microwave or millimeter wave magnetic field is in the disk plane. The cavity resonance frequency o and cavity Q are then measured as a function of the static external magnetic field.
Typical measurements of the cavity resonance frequency w and quality factor Q versus static external magnetic field H,, are shown in Fig. 3 . The data shown are for the 10 GHz cavity and a 0.87-mm-thick, 3.0-mm-diam disk. The increase in frequency with field shown in Fig.  3 (a) corresponds to the high-field FMR dispersion tail. The increase in Q with field shown in Fig. 3(b) corresponds to the FMR loss tail at high field. Both tails appear inverted relative to the usual way of plotting FMR curves. For the 10 GHz excitation frequency applicable to Fig. 3 , the theoretical FMR peak position occurs at about -8 kOe and is inaccessible for the positive field values available in the experiment. Only the tail responses are accessible at 10 GHz. It is important to note that the changes in Q and frequency o with Hext in this tail region are small. For the data in Fig. 3 , the cavity resonance frequency increase from 5 to 10 kOe is about 400 kHz, a change of 0.004%. The cavity Q factor increases from about 12 700 at 5 kOe to about 13 300 at 10 kOe, less than a 5% change. The small changes in these parameters over such a relatively wide field range are indicative of the small changes in the microwave susceptibility far from FMR. As will be evident from the discussion in Sets. III and IV, these Q values are significantly lower than the empty cavity Q, Q emp, because of eddy current losses in the barium ferrite disk sample. The value of Qeemp for the 10 GHz cavity is about 25 000. This difference is responsible, in part, for the difference in the cavity calibration parameters from those calculated from microwave cavity perturbation theory. This point is discussed in Sec. III.
This type of microwave data on ferrite samples with a well-defined uniform mode resonance response can be used to determine a high-field far-from-resonance loss parameter, usually expressed as a high-field effective linewidth. 3'4 For the moderate conductivity barium ferrite materials of interest here, this high-field effective linewidth contains a significant eddy current loss contribution. In this situation the same data, in combination with a simple eddy current loss analysis and a modified high-field effective linewidth analysis technique, can be used to analyze the eddy current loss directly and determine the microwave conductivity of the ferrite.
The high-field effective linewidth analysis technique is summarized in Sec. III, along with the results of the analysis for the barium ferrite samples described above. The effective linewidth approach is extended in Sec. IV to treat eddy current losses explicitly. This extended technique allows one to utilize the same basic data on cavity frequency and Q versus field for moderate conductivity materials to obtain the microwave conductivity from the high-field data.
III. EFFECTIVE
LiNEWiDTH ANALYSIS
The cavity measurements described in the previous section can be used to determine a far-from-resonance high-field effective linewidth loss parameter. This high-field effective linewidth is generally smaller than the conventional FMR linewidth and may be taken as a good indicator of the intrinsic microwave magnetic losses in many cases, without the contributions from two magnon scatter-ing and inhomogeneities which often broaden the actual FMR absorption peak. The technique is described in detail in Refs. 1-Q. A recent modification of the technique for the determination of a single high-field effective linewidth parameter was summarized in Ref. 8 . This section provides a full description of the technique and gives high-field effective (HFE) linewidth results for the thin disk barium ferrite materials at 10, 19, 35, and 60 GHz. It is important to keep in mind that the treatment presented in this section assumes that the pertinent losses that contribute to the tail of the FMR absorption curve are magnetic in origin. As indicated in Sec. I the predominant losses in the present materials are eddy current losses. The technique described in this section, however, is also a starting point for the eddy current tail (ECT) analysis developed in Sec. IV,
The starting point for the magnetic loss analysis is the connection between the microwave susceptibility tensor of the ferrite sample and measurable parameters. Consider a magnetic sample in the form of an ellipsoid of revolution about a z axis and magnetized to saturation in the z direction by an applied static external magnetic field Hext. A uniform transverse x-y plane microwave field h(t) = he'"' of amplitude h and frequency w produces a dynamic magnetization response m(t) =meiot, where m denotes the complex dynamic magnetization amplitude. In the low-power linear response limit, only the x and y components of m, m, and my, need be considered. This dynamic linear response can be written as 4P ;
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The susceptibility tensor components xrnas and ~~~~ can be separated into real and negative imaginary parts according to ~~~~ = ~~~~ -iKzag and xrnag = xk,s -ix:, . For a SatUrated ferrite ellipsoid of revolution with the static magnetic field along the z direction and axis of rotational symmetry, the susceptibility parameters 4~&,, , 4qgag, ~TK&,~, and 47TKzag are given by 4Tdnag= 4~Ms&CH;-WY)~I I%-Wr>212+@W2 ' 
The AN parameter in Eqs. (3)- ( 6) is the usual half-power ferromagnetic resonance linewidth, the field width at halfmaximum of the FMR absorption curve of w&, vs Hext from Eqs. (4) and (7). The y parameter denotes the absolute value of the gyromagnetic ratio for the exchange coupled 3d electrons which give rise to the net ferrite magnetization. In this work, y will be taken as 1.76~ 10' rad/ Oe s or 2.8 GHz/kOe, the value corresponding to an electron system with quenched orbital angular momentum and a Land& g factor g=2. This is an accurate approximation for barium ferrite.13
Ferromagnetic resonance (FMR) occurs when the condition Ho=o/y is satisfied and the resonance denominator in Eqs. (3)- (6) is minimized. This N,=w/y resonance condition, Rq. (7), and the requirement that the external magnetic field at resonance be positive and sufficient to magnetize the sample to saturation lead to a minimum frequency for FMR in c-plane barium ferrite disks with a c-axis static field. For the barium ferrite parameters given in Sec. II, and demagnetizing factors N,zO and N,z 1 for a thin disk, this minimum FMR frequency is about 40 GHz. As will be evident from the procedure described below and the data presented at the end, of this section, it is possible to determine high-field .effective linewidths from the tail response of the FMR, even for frequencies below this 40 GHz FMR cutoff frequency.
The 4n&,,, 4mzag, ~TK&~~, and &TK&,~ functions play different roles in the microwave response of a ferrite. The FMR absorption curve of microwave loss versus frequency or field follows the functional form of the 45-x;, response, in the form of a Lorentzian resonance with a half-width in field given by AH, as discussed above. For the measurement process of Sec. II with a linearly polarized microwave field, the observed change in the cavity Q with field and the corresponding FMR absorption' curve is directly connected to 47r~$,,. The change in cavity frequency with field and the corresponding FMR dispersion curve is directly connected to 4rr&, . The ~TK,!,,,~, and 4Tzag response functions play no role in the FMR response for a linearly polarized microwave field excitation. These functions will be important, however, for the eddy current analysis of the following section.
One reason for the development of the effective linewidth concept is the fact that the losses that determine the FMR linewidth and the actual values of the microwave susceptibility components at any given field can be field dependent. The Ut parameter in the above equations, which is generally taken as a constant in conventional FMR analyses, then becomes a field-dependent quantity, AH(H,,).
In the context of this work, the value of AH (H,) at very high fields, well above the FMR field, represents an important limit. In this limit, the spin-wave band is shifted to frequencies well above the operating frequency and the field-dependent linewidth is representative of the losses in the absence of two magnon scattering relaxation processes. This high-field effective linewidth '&FE can then be taken as a field-independent constant which represents the intrinsic losses in the material. As will be discussed below, data on cavity frequency and cavity Q versus static external magnetic field in the high-field region, corresponding to the high-field tail of the FMR absorption curve, allow one to determine the high-field effective lmewidth ti= with high accuracy. In Sec. IV, a modification of the same procedure is developed which allows the direct noninvasive determination of microwave conductivity for moderate conductivity ferrite materials in general and barium ferrite in particular.
In the high-field regime the condition Hs)U is satisfied and the 45-&, and +,J,, response functions can be written in a simplified form. In this limit, the expressions J%. (3) for 4q&, and Rq. (4) for 47rx!,!,,, may be replaced by the 4~&, and &x&s expressions given below (the HFE subscript stands for "high-field effective" in the high-field regime) :
m;-wr)2l2 -
Note that the 4?Tx;IFE expression, compared to 45-x!,,,, , now contains no linewidth parameter. Note also that the 4qb expression, compared to 475&&, now contains a linewidth parameter only as the multiplicative AH,, factor in the numerator. As indicated above, in this high-field regime the intrinsic linewidth is denoted by the high-field effective linewidth parameter AHnFE .
The corresponding high-field limit expressions for 4rKLag I and 'hTKgag are given below:
These parameters are not needed for the high-field effective linewidth analysis; they are needed for the effective conductivity tail (ECT) analysis of the following section. As indicated above, the real and negative imaginary terms in the diagonal component of the microwave susceptibility tensor give rise to experimentally observable changes in the frequency and Q of the Tl&i cylindrical microwave cavity containing the appropriately positioned sample as the external magnetic field is changed. It is these changes that allow one to determine the high-field effective linewidth AJZmn. The quantitative connections between these frequency and Q changes and the terms in 4~,,,, or 47r~nFE are given from standard microwave cavity perturbation theory, '7 dH,xt) -UN dH,,) = -Kxv47q;fF~(Hext),
In the above, the cavity Q and frequency CO, denoted by Q( Hext) and w (He&, respectively, are shown explicitly as functions of the external field H,,,t. As the field is changed and the susceptibility terms change, the cavity frequency and the Q also change. The susceptibility terms are also shown as explicit functions of He,, by writing xfIFE(Hext) and xf;FE(Hext). The HFE subscripts denote that the field is in the high-field regime and the ?i;IFE(Hext) and x&(Hext) dependencies correspond to the high-field tail portions of the FMR dispersion and absorption, respectively, according to Eqs. (8) and (9). We see, therefore, that as Hext increases and the susceptibility terms approach zero, the cavity frequency will approach a limiting frequency ON and the cavity Q will approach a limiting Q value QN. These high-field-limit WN and QN parameters represent the cavity frequency and cavity Q, respectively, in the limit of no magnetic interactions. As will be evident from Sec. IV, Q, can contain contributions from eddy current losses in the sample if such losses are significant. The remaining parameter in Eqs. ( 12) and ( 13) is the sample/ cavity calibration parameter K,,. This parameter can be estimated from cavity perturbation theoryI or determined empirically. As will be shown below, the high-field effective linewidth analysis procedure yields accurate fitted values for QN, UN, and Kc,, as well as for the high-field effective linewidth AHmE.
A comparison between these perturbation theory connections and the susceptibility equations above yields two relations which may be used to directly determine the highfield effective linewidth. These relations are 
The left-hand sides of Eqs. ( 14) and ( 15) show, as before, the explibit dependencies of the cavity frequency o and cavity Q on He,. Recall that these two quantities are measured as a function of Hext by the procedure described in Sec. II. From Eqs. ( 16) and ( 17) it is clear that X, and XQ are also functions of Hext through the variations in the measured frequency w with field and the connection between the Ho field parameter and Hext given in Eq. (7). Apart from these variations, X, and Xe are completely specified in terms of known parameters. The -U, parameter describes the variation of the FMR magnetic dispersion tail with Hex, at high field. The XQ parameter describes the variation of the FMR magnetic loss tail with Hext at high field. The high-field effective linewidth analysis is based on the above equations. One starts with an ensemble of cavity frequency o and cavity Q measurements versus He,. The first step in the analysis is to evaluate values of the magnetic dispersion tail parameter XF and the magnetic loss tail parameter Xe for each (w,Q,H,,) measurement triplet. The second step in the analysis is to plot w as a function of XF. From Eq. ( 14) such a plot is expected to be linear, have a dimensionless slope mF equal to -Kc,, and extrapolate to tiN at XF=O.
Step three, therefore, is to make a straight-line best fit to this plot and thereby obtain empirical determinations of the cavity/sample calibration parameter Kc,, and the cavity frequency in the high-field limit UN.
Step four is to make a plot of l/Q as a function of XQ. From E!q. ( 15), this plot is also expected to be linear. This linear dependence, however, should yield a slope me equal to KcavAHHFE and an extrapolated value for l/Q at Xe=O corresponding to l/QN, the l/Q value in the zero magnetic loss limit.
Step five, then, is to make a straight-line best fit to the l/Q vs Xa data and determine mp and l/QN. The last step in the analysis is to evaluate the value of the ratio rnd 1 mF I. From Eqs. ( 14) and ( 15)) this ratio is the high-field effective linewidth AHHFE.
This method was used on the ensemble of (w,Q,H,,) data which was obtained as described in Sec. II. Measurements of cavity frequency o and cavity Q vs static field Hex* were made for Tbll cylindrical cavities at nominal frequencies of 10.0, 19.3, 35.3, and 60.5 GHz. The data were obtained for a field range of 4-12 kOe for the 10.0, 19.3, and 35.3 GHz frequencies and for a field range of 12-16 kOe at 60.5 GHz. As noted above, the actual FMR peak is inaccessible below 40 GHz for saturated barium ferrite c-plane disks with the external static field along the disk normal. The 4 kOe lower-field limit was selected for the 10, 19, and 35 GHz measurements simply to ensure magnetic saturation. At 60 GHz, the FMR peak is at about 8 kOe and the high-field tail region was examined in the range 12-16 kOe.
The plots of w vs XF and l/Q vs Xe were all quite linear and allowed the determination of the cavity parameters QN, UN, and Kc,, as well as the high-field effective linewidth AHHFE for each frequency with high accuracy. A representative plot of w vs XF is shown in Fig. 4 . This plot is for the same 0.87-mm-thick, J.O-mm-diam disk and based on the 10 GHz data shown in part in Fig. 3 . The evaluation of X, was based on computed values N, =O. 16 and N,=O.68 for the disk demagnetizing factors, along with the experimentally determined values 4~Ms=4.73 kG and H,= 16.3 kOe discussed in Sec. II. The plot is quite linear and the absolute value of the fitted slope is given by 1 mF 1 = (6.7 1 f 0.01) X 10m4. This plot derives directly from the cavity frequency versus field data shown in part in Fig. 3 . The high degree of linearity and the accurate slope attest to the applicability of the uniform mode model and the high-field approximations embodied in the analysis given above. Moreover, the empirical cavity calibration parameter Kc, = 1 mF 1 is reasonably close to the perturbation theory value of 7.3 x 10B4. As is discussed shortly, the ensemble of fits for diEerent thickness disks and a given cavity give empirical calibration parameters which approach the perturbation theory value in the zero thickness 9.9686 , I
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Magnetic dispersion tail parameter XF (GHz) FIG. 4 . Plot of cavity frequency w vs the frequency parameter X, for a barium ferrite disk of diameter 0=3.0 mm and thickness T=0.87 mm in the center of a 10 GHz TE$,, cylindrical cavity. The static field was perpendicular to the disk plane and the cavity microwave field was in plane. The solid line represents a straight-line best fit to the data.
limit. The empirical approach has the advantage, therefore, of allowing for the small changes introduced by the finite sample size and eddy current losses but without sacrificing the simple connection between cavity parameters and resonance response in Eqs. (14) and (15). The fitted frequency intercept at X,=0 in Fig. 4 is ~N~9.969883 GHz b2.8 kHz. This frequency corresponds to the resonant frequency of the cavity with the sample in place in the high-field limit of no microwave magnetic response. A representative plot of l/Q vs XQ is shown in Fig. 5 , also for the same 0.87-mm-thick disk used for the data in Fig. 3 . This plot is also quite linear. The fitted slope in this case is me= (5606+ 50) x 10W4 Oe. This plot derives directly from the cavity Q versus field data shown in part in Fig. 3 . As for the o vs XF fit in Fig. 4 , the high degree of linearity and the accurate slope attest to the applicability of the uniform mode model and the high-field approximations embodied in the analysis given above. The ratio rndl mFI gives the high-field effective linewidth. From the values given above, one obtains AHWE= (828 f 7) Oe. The fitted show the utility of the technique for intrinsic linewidth determinations in ferrites in general. Note that these particular results are for 10 GHz, a frequency below the minimum frequency for ferromagnetic resonance. For barium ferrite at 10 GHz, as pointed out above, FMR occurs for negative fields on the order of -10 kOe. The Q and frequency data in Fig, 3 and the reduced data in Figs. 4 and 5 all correspond to the high-field tail portion of the FMR response. The results show that this tail response, at tens of kOe above FMR, can be used to determine accurate values for microwave magnetic loss parameters such as the high-field effective linewidth UBFE obtained here. A modified tail analysis can also be applied to the data for situations where eddy current losses dominate and the pertinent parameter becomes the microwave conductivity rather than A&Es. These considerations are discussed shortly.
The results of the above analysis applied to frequency and Q data at 10-60 GHz for disks ranging in diameter from 0.5 to 3.2 mm and ranging in thickness from 0.1 to 1.75 mm are shown in Fig. 6 and Table 1. Figure 6 shows values of mm, as a function of the square of the disk thickness for the four nominal frequencies of measurement. The solid lines show linear fits to the data at each frequency. Ordered by increasing frequency, the fitted slopes are 898, 1944, 3795, and 8070 Oe/mm2, respectively. The value of the effective linewidth extrapolated to zero thickness for each frequency is less than 100 Oe. The data for 10 GHz are the same as Ref. 8. The new data for the higher frequencies show that AHmE increases with the square of the sample thickness at these frequencies as well. These data also show that the slope of the response scales linearly with frequency. Both responses indicate that the predominant source of the linewidth is eddy current losses. The Table I lists the specific samples for the measurements at 10.0, 19.3, 35.3, and 60.5 GHz, along with the actual values of A&PB for each sample/frequency combination. The column label T denotes disk thickness. The column label D denotes disk diameter. Within each frequency grouping, the disk sizes are listed in order of increasing sample volume. The last column in Table I lists values of the K&JKkv ratios for the empirically determined cavity calibration parameter g, and the K&,, value from perturbation theory for each sample. It is noteworthy that these ratios approach unity for the smaller samples, the limit in which one would expect perturbation theory to be most accurate. It is also noteworthy that the departures in K& from the perturbation theory value are significant for the larger samples and are typically on the order of lO%-20%. This is true even when the actual data involve relatively small changes in cavity Q and frequency from the high-field-limit values, WN and QN. It is clear that accurate effective linewidth determinations require use of the empirical calibration procedure. Reliance on perturbation theory formulas can lead to significant errors.
In spite of the consistency and good agreement with theory described above, it is hard to argue that the MHFE linewidth parameters presented in Fig. 6 and Table I really "intrinsic." One does not expect an "intrinsic" linewidth to change with sample dimension. While eddy currents may be "intrinsic" to the microwave response in these moderate conductivity, barium ferrite materials, a linewidth parameter which changes with sample thickness is clearly not intrinsic. It is well established that the highfield effective linewidth procedure gives bona$de intrinsic linewidth values when the mechanisms themselves are intrinsic, as for dense, high-purity yttrium iron garnet (YIG)3 or rare-earth-substituted YIG.'* A somewhat better approach when eddy current losses are important would be to model these losses separately from the contributions due to the magnetic losses. Such modeling would allow one to use the same basic measurements described above and then make modified fits to those measurements to determine the microwave or millimeter wave conductivity of the sample. Such eddy current modeling for barium ferrite is summarized in Sec. IV, along with the requisite changes in the plotting and fitting procedure to determine the microwave conductivity from the resonance high-field tail data.
IV. EDDY CURRENT LOSS ANALYSIS
The high-field far-from-resonance eddy current losses at microwave frequencies in barium ferrite disks can be analyzed on the basis of a simple model. First, as in Sec. III, the external microwave magnetic field excites a uniform mode magnetic response in the disks as given by Eqs.
(2) and (7)-( 11). Second, these time-dependent contributions to the magnetic induction b(r) =h(t) +4mn(t) give rise to a microwave electric field of the form e(z,r) which generates eddy currents and leads to additional loss. This z-dependent electric field is specific to the present thin slab geometry. The average eddy current loss of the disk sample is obtained by a simple integration over the disk thickness. Just as the magnetic loss due to the response m(t) corresponds to the high-field tail of the FMR absorption and dispersion curves discussed in Sec. III, the eddy current losses driven by this response also contribute to the overall FMR absorption curve high-field tail response observed experimentally. The final step in this eddy current loss analysis is to develop connections between the high-field eddy current tail (ECT) response by means of an eddy current tail parameter Xc and change in cavity Q, in the format of Eqs. ( 13) and ( 15). As indicated above, these connections allow one to make linear plots of l/Q versus this new Xc parameter and extract the microwave conduo tivity o from the slopes of such plots, in much the same way that l/Q vs XQ plots yielded values of AHHFE in Sec. III. The high-field limit. l/Q values from the l/Q vs Xc plot intercepts, l/Q,, counterparts to the l/QN parameter in Sec. III, now have an explicit eddy current loss contribution as well. Analysis of the variation of these l/Q, values versus disk thickness provides an additional way to determine the microwave conductivity.
It is important to emphasize that this simple model is valid only in the far-from-resonance limit. In this limit, where the magnetic response driving the eddy currents is small, the eddy currents are small, and the magnetic fields generated by the eddy currents do not appreciably modify the magnetic response. Closer to resonance or for materials with higher conductivity, a full self-consistent solution of the magnetic response and the Maxwell equations with appropriate boundary conditions is necessary. Such solutions are well established for a variety of FMR and related phenomena. l9 The present approach, however, is much simpler, more intuitive, and amenable to simple analysis.
Consider the total dissipated power in the barium ferrite disk. The total power loss P may be written as the sum of two terms, p=p,,+p,,
where Pmag is the loss associated with magnetic loss processes and P,, represents the ohmic losses associated with the induced eddy currents and the nonzero resistivity of the material. For the geometry under consideration here, the magnetic loss is connected to the 47r$!as term in the magnetic response presented in Sec. III through the well known expression2' Pmag= V(wh2/W (47&&L (19) where V is the sample volume and h is the amplitude of the linearly polarized external microwave field. Recall that 4~XlL, also enters explicitly into the effect of magnetic loss on cavity Q, through Eq. (13) in Sec. III. Equations (13) and ( 19), therefore, provide a direct connection between the change in cavity Q and any power loss which scales with the square of the microwave magnetic-field amplitude and the sample volume. As will be evident from the development given below, P, also scales with the square of the microwave-field amplitude and the sample volume. These dependencies make possible the definition of an Xc parameter and the extraction of the microwave conductivity D from plots of l/Q vs Xc in much the same way that plots of l/Q vs Xe were used in Sec. III to extract a high-field effective linewidth. The details of the analysis are given below. Figure 7 shows a schematic representation of a disk sample of thickness T and the magnetization-field geometry for the eddy current tail response analysis. The x-y-z coordinate system and sample setup are the same as in Sec. III. The disk is positioned with the center plane at z=O and the disk surfaces at z= & T/2. The disk is magnetized to saturation in the perpendicular z direction by the static magnetic field H,,. The saturation magnetization M, is parallel to H,,,. The external microwave field h is now taken to be parallel to they axis and is denoted by hy in the figure. The dynamic transverse x-y dynamic magnetization m(t) is denoted by the m vector and x-y plane precession circle, The x and y components of the induced electric field e(z,t) are shown by the arrows labeled e, and e,,. It is assumed that z-directed currents are suppressed by the thin slab geometry; z-component electric fields and currents are neglected. Even though the disk is shown in Fig. 7 with a definite diameter, the analysis is based on a disk of infinite extent.
With the dynamic magnetization response m(r) as given in Sec. III and the magnetic induction b(t) given by --+ Y FIG. 7 . Schematic diagram of the sample geometry and fields for the FMR eddy current tail analysis for c-plane barium ferrite disks. The disk, of thickness T, is centered in the x-y plane with the static external magnetic field He, and the magnetic induction M, along the z axis. The external microwave field I+, is along they axis. The vector m denotes the in-plane ferromagnetic resonance (FMR) microwave magnetization vector and the circle denotes the FMR precession cone. The induced in-plane electric-fteld components are denoted by e, and ev . . (t)+4nm(t), the x and y components of the induced electric field e(t) are readily obtained from the Maxwell equation
b(t)=h
where e(r,t) =e(r)eio' denotes the complex time-and space-dependent electric field generated by the spatially uniform but time-dependent magnetic induction b(t) . Equation (20) and all equations that follow assume an eiot time dependence for all dynamic fields, as in Sec. III. For the geometry of Fig. 7 , one obtains complex electric field amplitude components given by e,(z) = (-hz/c) (4rm,,+h,,) and (21) e,,(z) = (ioz/c)4~m,.
The electric field from Eqs. (21) and (22) generates an associated current-density distribution j (ZJ) according to Ohm's law, j=oe, where o denotes the conductivity. Note that the electric fields and the current density is zero at the midplane of the disk and increases linearly with z to positive and negative maxima at the disk surfaces. This current leads to a time-averaged power dissipation for the entire disk which varies as the cube of the disk thickness T. The time averaged power dissipation per unit volume then scales as the square of the disk thickness. This is the origin of the quadratic scaling of the eddy current based effective linewidth with disk thickness observed in Sec. III. The time-averaged power dissipation P, for a disk of thickness T and surface area A is given by
Note again that P, is the power loss for the entire disk of volume V=AT. The power dissipation per unit volume PJAT scales with the square of the disk thickness T. The eddy current losses also scale with the microwave conductivity (T. The quadratic dependence of P, on the microwave field amplitude h,, is also evident from Eq. (23). From the magnetic response equations in Sec. III, m, and mu scale linearly with hy according to
my==xma8hy.
These dependencies give a P, that varies as the square of the microwave field amplitude and may be written in the same format as Eq. ( 19), Pee= (ATI bh;AW (4rXe&4?rX,,J, with 471-xec and 4~~~s given by (26) 4rXw=jc2 ( 1 4rXmag I ' + 2 I 4'rrXmag I + I 4rKm.g I 2,
and ~TX,,~ = ncoaT2/3c2.
Several points are to be noted with regard to Eqs. (26), (27), and (28). First, the volume factor in Eq. (19) is factored out as AT in Eq. (26). This makes explicit the T2 dependence for 47~~~ and haps. Second, 47rx= and 4~~5, are not actual "susceptibility" components. They are simply variables which play the same role as the magnetic susceptibility loss component in the power loss formulas for eddy currents. Third, the additional nonresonant 47~~5s term in Eq. (26), not present in Eq. (19>, is due to the background eddy current losses from the currents induced by hy alone in the I hy I 2 term in Eq. (23 ) . As shown below, this background eddy current loss does not contribute to the FMR eddy current tail response and becomes part of the nonmagnetic cavity losses embedded in the high-fieldlimit Q value. As evident by the square bracket term in Eq. (27)) the eddy current losses are driven by all of the x and K terms in the magnetic response, not just .xzag. In the far-fromresonance high-field eddy current tail regime of interest here, the combination of x and K terms in the square bracket term simplifies considerably, just as the xmas and ~~~~ expressions simplified to the Xunn and KHFE expressions in Sec. III. In this case, the surviving terms involve only the expressions for 4rxkFE and ~?TK;I~= in Eqs. (8) and ( 10). This eddy current tail ECT regime is the same as the HFE regime in Sec. III. In this regime, one may write 4-n-x= in Rq. (27) as
The XQ parameter is the same as in Eq. (17) from Sec. III.
The ECT eddy current tail analysis is nearly complete. One now writes an equation in the format of Eq. (15) but for the eddy current tail response rather than the magnetic losses. The right-hand side of the equation derives from Eq. (13) but with ?I&, replaced by xEm from Eq. (29). The l/Qv term on the left-hand side must be replaced by a l/Q, parameter which includes the contribution of the nonresonant background eddy current losses in the sample to the cavity Q at infinite field. The result is
The GEcr parameter in Eq. (30) plays the same role in the l/Q vs Xc fitting procedure as does Umn in the l/Q vs Xp fitting procedure. Note that GEcr has units of Gauss and that the square bracket term in Eq. (3 1) is dimensionless. Conductivity in cgs units has dimensions of s-t. The eddy current tail parameter Xc is given explicitly in Eq. (32). This parameter describes the eddy current FMR absorption tail response in the same way that the magnetic loss tail parameter XQ in Eq. ( 17) describes the magnetic loss FMR.absorption tail. The connection between, plots of l/Q vs Xc and the plots of l/Q vs XQ in Sec. III is discussed at the end of this section and in the Appendix.
The high-field limit l/Q parameter is now given by l/Q,. As given in Eq. (33), l/Q, contains two terms. The Qemp term relates to the losses for the bare cavity. The second term in Eq. (33) relates to the eddy current losses due to the induced currents in the sample by the applied microwave field. The connection between l/Q, and the l/QN parameter of Sec. III is discussed in the Appendix.
In general, Eq. (30) would also contain an additive (KcaVA&&Xe term from Eq. ( 15)) but with AHuFE now taken as the intrinsic linewidth for magnetic losses alone. For the barium ferrite materials of interest here, however, the magnetic loss contribution to the tail response is quite small compared to the eddy current contribution. This conclusion is clear from Fig. 6 . The vertical axis intercepts for straight line fits for the AJ?ms vs T2 plots in Fig. 6 are all below 100 Oe. These intercepts correspond to the intrinsic part of the AHHFE parameter. The eddy current loss part of the AHrun data in Fig. 6 is the part which increases with T2. Figure 6 shows, therefore, that the FMR tail response is almost entirely due to the eddy current losses. The neglect of the magnetic loss term in Eq. (30) &&ECT, along with the fitted slope from the companion o vs XF plot described in Sec. III, taken as -Kc,, to determine GEcT ; (iii) one then uses Eq. (3 1)) along with the known values for the saturation induction 4?rM,, frequency w, and disk thickness T, and evaluates the microwave conductivity o. Figure 8 shows a representative plot of l/Q vs Xc, based on the same 10 GHz data used for the example plots in Sec. III. The plot is quite linear. The slope of the straight-line best fit shown in the figure is equal to (0.1095 f 0.0011) G. Taking this slope as KcavGEcT from Eq. (30) and using Kcav= (6.71rt0.01)X10-4from thew vs XF plot for the same data in Sec. III, one obtains a value of ( 163 *2) G for GE-. The microwave conductivity 0 can be obtained directly from GEcr. The conductivity obtained from the ECT response analysis described above for a single sample is denoted as as,. Expressed in practical umts, oscr in units of a-' cm-' is related to GnoT, 'the frequency w, the saturation induction 4z-MS, and the disk thickness T according to
The conductivity from the 10 GHz results presented above for the T=O.87 mm disk is obtained as uEcT= (0.0347 f 0.0003) Cl-' cm-*.
We turn now to the vertical intercept of the straightline fit to the data in Fig. 8 . This intercept corresponds to the l/Q, parameter in Eq. (30). The straight line fit in Fig.  8 yields l/Q,= (6.473 =l=O.O05) X lo-'. Determinations of l/Q, in this manner for a given frequency and disks of different thicknesses provide a second determination of the microwave conductivity. Equations (3 1) and (33) indicate that l/Q, should vary linearly with the parameter combination KcavT2. Recall that Kc, varies with the disk thickness. The linear variation should have a slope equal to 2raa/3c2 and extrapolate to the bare cavity l/Q value l/Qe,, 9 in the T=O limit. Figure 9 shows such a plot of l/Q, vs K,,T' obtained from the 10 GHz data for the 11 disks listed in Table I . The straight-line fit to the data has a slope mp= (3.9hO.2) crn~-'. This slope parameter converts to microwave conductivity according to
The value of uQ from the 10 GHz fit in Fig. 9 is ( was measured by a standard four-point probe method for a 3-mm-diam 0.5-mm-thick disk sample. The microwave conductivity is seen to increase from about 0.033 file* cm-' at 10 GHz to 0.10 a-" cm-' at 60 GHz. The slope of the straight line fit in Fig. 10 is (0.0013 *O.OOOl ) a-' cm-' GHz-'. Figure 10 shows that the cECT values from the individual sample eddy current tail analyses and the cQ values from the l/Q, vs Kc,T2 fits for all samples at a given frequency are consistent and in good agreement. The overall results in Fig. 10 indicate that the microwave conductivity in M-type barium ferrite increases linearly with increasing frequency.
The source of the moderate conductivity in barium ferrite is attributed to electron hopping between Fe ions due to the presence of Fe'+ in the crystal.'3121 This process gives rise to the conductivity in the crystal as a result of electron hopping between equivalent lattice sites containing Fe'+ and Fe3+ ions with a characteristic hopping time Thop. This hopping process contributes both to the conductivity and to the magnetic relaxation. The effect of Fe2+-Fe"+ electron hopping, sometimes termed "valence exchange," on microwave relaxation and electrical conduction is discussed extensively in the literature. The key reference on Fe'+-Fe3+ microwave relaxation is Sparks. '" Key references on electrical conductivity in ferrites are Smit and Wijn23 and Parker.'4 By analogy with polaron theory, Parker argues that in the limit of a high hopping probability relative to the tunneling probability for electrons between neighboring ions, one would expect a frequency dependence for the conductivity of the form 4~) a wThop/[ 1+ (oT~&~l. (36) It is clear from results on magnetic relaxation2* that the condition wT hop< 1 is well satisfied for microwave frequencies and room temperature. In this limit, the conductivity U(W) in Eq. (36) increases linearly with frequency w. In a more general context, Jonscherzs has also argued for a conductivity which is a linear function of frequency due to hopping processes for a wide variety of nonmagnetic materials.
In closing this section it is useful to comment on (i) possible dielectric loading effects and (ii) the connections between the eddy current tail analysis presented above and the effective linewidth analysis of Sec. III.
The eddy current analysis given above considers only the effect of the electric field produced through the timedependent magnetic induction b(t) at the sample position, as given in Eqs. (20)- (22).
Even though the sample is placed .at a position in the microwave cavity where the electric field for the TE,,* cavity mode is nominally zero, the cavity electric field is not exactly zero over the entire volume of the finite size sample. Due to the large conductivity, moreover, the dielectric loss tangent for these materials is large, typically on the order of 0.1-l in the 100-10 GHz range of frequencies. It is possible, therefore, that some part of the nonmagnetic losses are dielectric losses. However, if these dielectric losses were significant, the aEm values obtained from the magnetic response tail analysis for individual samples at a given frequency would be lower than the cQ values determined from the change in the high-field limit l/Q, with K,,T2. The fact that the aEcr and aQ results are virtually identical indicates that dielectric loading is not significant.
We turn now to the ECT/HFE connection. Based on the results given above, it is now clear that the correct analysis is in terms of eddy current losses, the eddy current tail parameter Xc, and the microwave conductivity. This conclusion, however, means that the original interpretation of the slope and intercept parameters from the l/Q vs XQ plots of Sec. III needs revision. The slope must be related to conductivity and disk thickness in a manner consistent with the eddy current results. The l/Q intercept value l/QN must also contain a sample eddy current component.
The Appendix presents a reexamination of the HFE analysis, based on an actual tail response which has its physical origin in eddy current losses. The Appendix establishes connections between the conventional high-field effective linewidth analysis in Ref. 8 and Sec. III and the eddy current tail analysis presented above. The basic conclusion is that for the present samples, frequencies, and field ranges, l/Q versus the HFE XQ tail parameter is approximately linear and the two approaches are consistent. This is not the case of other materials and other frequency/ field regimes.26 Situations in which the magnetic losses and eddy current losses are comparable would require a more extensive analysis of a hybrid tail response.
V. SUMMARY AND CONCLUSION
The losses associated with the high-field tail region of the ferromagnetic resonance ( FMR) absorption curve were investigated at 10, 19, 35, and 60 GHz for 0.10-1.75-mm-thick c-plane circular disks of flux-grown singlecrystal M-type barium ferrite with the static field perpendicular to the disk plane. Microwave and millimeter wave cavity Q and cavity frequency measurements were made for fields from well above the FMR field position up to 16 kQe.
A conventional high-field magnetic loss analysis of the data in terms of an effective linewidth hE yielded values of AH,, which increase with the square of the disk thickness and linearly with frequency. These dependencies indicate that the predominant source of the linewidth in these disk samples is eddy current losses.
Based on these results, an eddy current loss analysis of the tail region was done, based on the insulator FMR response and eddy current losses driven by the FMR response. The conductivity is obtained from an appropriate analysis of the FMR absorption tail, just as the effective linewidth analysis of the high-field FMR tail yields a highfield effective linewidth parameter. Based on this technique, the microwave conductivity of these flux-grown barium ferrite single-crystal materials was determined as a function of frequency from 10 to 60 GHz. The microwave conductivity increases linearly with frequency, from 0.033 ho.004 0-l cm-' at 10 GHz to 0.10*0.02 a-" cm-' at 60 GHz. These results are consistent with a measured dc resistivity of 0.03-0.05 a-' cm-'. University, initially suggested the possibility of eddy current losses as a linewidth source in pure barium ferrite. The hard direction hysteresis curve extrapolation procedure to determine anisotropy fields was suggested by Professor J. Nyenhuis of Purdue University. Professor C. Vittoria, Northeastern University, is gratefully acknowledged for helpful advice on the shaping of disk samples for microwave and millimeter wave measurement.
APPENDIX
The objective of this appendix is to reexamine the Sec. III results in light of the new eddy current tail analysis and results of Sec. IV. The starting point for this reexamination is with the XQ (H,t) and the X&H& functions which represent the magnetic and eddy current FMR tail responses for the high-field regimes of interest here. As Eqs. (7), (17), and (32) indicate, xQ (&&) and X&H& are not, in general, connected in a linear fashion. This would further indicate that if plots of l/Q vs Xc are linear, then plots of l/Q vs XQ should, in general, not be linear and a simple interpretation of the data in terms of a single highfield effective linewidth parameter should not be possible. This is, in fact, the situation for moderate conductivity planar hexagonal ferrite materials. '6 In the case of barium ferrite disks and the extreme high-field tail regimes examined here, however, the XQ and Xc functions are, to a good approximation, linearly related. Figure 11 shows a representative plot of Xc vs XQ which includes all the data points for all the samples used for the 10 GHz results in Sets. III and IV. Keep in mind that the connection between Xc and XQ is not simply through Eqs. (7), ( 17), and (32) for a given change in H,,, with other parameters fixed. The actual data reflect changes in the frequency o with Hext and different values of the N, and N, demagnetizing factors for the different 10 GHz samples. The data connection in Fig. 11 between Xc and X, is reasonably linear. The straight-line best fit shown in the figure has a slope S( 10,H) =5.19 SO.03 and an intercept I( 10/H) =0.0503 &0.0007 kOe-'. The ( 10,H) notation is intended to indicate that these particular numbers (i) apply to the 10 GHz data and (ii) depend on the range of magnetic fields for which the data were taken. S and I are strictly operational-and experiment-dependent parameters which will change with the nominal frequency f and the high-field tail regime selected for measurement. For a given frequency band, this operational connection between X, and XQ may be written as xc==~(f,H>-&$-l(f,H), (A3) is written as Kc,(T) to make the sample size dependence explicit. The basic result from Sec. III, a AHurn parameter which increases with the square of the disk thickness T, is evident from Eq. (A2). Equation (A2) also shows that this AZ&mu parameter depends on the frequency-and fieldrange-dependent parameter S(f,H) . The important conChSiOU here iS that mWE is not a physically meaningful parameter for moderate conductivity ferrites. Any interpretation of experimental data in terms of an effective linewidth must be made with a full understanding of the ECT procedure embodied in Eq. (A2).
Turn now to the l/QN intercept parameter in Eq. (A3). Equation (A3) indicates that the l/QN parameter for the different samples measured at a given nominal frequency should scale linearly with the quantity K,,(T) T2, with an intercept equal to l/Qe,,, and a slope related to the 
